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1 DERIVATION OF H

We provide here a detailed derivation of the signed length Hessian described in §4.2 of the main
paper. In general, we derive symbolic expressions for the blocks of H; by first taking the derivatives
of [ with respect to ey, e, and ez, then apply simplifications as a result of the mutual orthogonality
of epy, €11, ez, . The expressions become much cleaner after applying orthogonality assumptions,
allowing for the subsequent eigenanalysis in the main paper.

1.1 Preliminaries

1.1.1  Differentiation. Let a and b be scalars and let u, v, x be vectors in R". Let % be a column

vector in R"” whose entries are %, and let % be a matrix in R™*" such that (’?—3‘;)
1

several generalized derivative rules:

— dui
i = 90, We note

%(au) =u(a—z) +a?—9§ (1)
%(u-v)z (% u+(3—;) v (2)
latwo = () & ®)

1.1.2  Cross-Products. Cross-products frequently appear in several calculations. Let u, v, and x be
independent vectors. We then have:

i(u><x)=u>< (4)
ox
uxX (vxx)=v(u-x)—x(u-v) (5)

where uX is the matrix such that (ux)x = u X x. Note that (ux)" = —ux.
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1.1.3  Simplification from Orthogonality. Note that if e;, e;, e, are mutually orthogonal, we have
several useful properties:

e xe; = |lell ||ej er(&r - (e;x ¢;)) (6)
lle: x e = llesll [le;] )
éiX = (éi (e x ék)) (éké}— - éjé;—) (8)

where X is the unit vector ¥/||x||.
1.2 First Derivatives

To begin, recall that we are dealing with the signed length function

l:ez'(eoxel). (9)

lleo X e4]l
The first derivatives are:

ol _ 0 ez-(eoxel)

—= (10)
dey dey |leg Xel|
( ) ( ey X e; ))T (8e2)T ey X e;
=|l—|—]| e2+|—| ———
deo \ lleo X eq| dey] leo X el
e; X (e1 X eo) T e X T
=|(eo X €1) 3 - €2
lleo X el lleo X el
_ lel X (e1 X eo) e X ey
lleo X e1]? lleo X el
ol 0 €y X e T de, T €y X e
— =—— e+ |—| —— (11)
oeq de; \[leg X eq| der] lleo X eil|
T T
ey X (eg X e egX
=((e0><e1)( 0 X (e 31)) + 0 ) e
lleo X el lleo X e1]|
_ le() X (Co X 61) e X €
lleo % e lleo x el
al e Xe
— = # (12)
de; |leo X el
Applying the orthogonality properties of eg,, e, e, yields
al al al lé
=03 =03 — = (13)
deoy oeyy dezr  leaLll

1.3 Second Derivatives

Analytic expressions for the blocks of H; before applying orthogonality simplifications can become
unwieldy, though there are some exceptions. First, in intermediate steps, we wrote aa_elo and ;—é as
matrices independent of e, applied directly to e,, so taking another derivative with respect to e,
will result in those matrices. Second, since 2L hasno dependence on e;, its derivative with respect

aez
to e, is also zero.
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The second derivatives are:

*l :((eoxel)(elx(eler))T erX )T

dezdeg lleo % e lleo X el
2°l ey X (eo X 61) T €pX ’
= (Co X C]) 3 +
deyde; lleo X eq]| lleo x e1]|
1 0
— = 03x3
e’ x

(14)

(15)

(16)

Converting over to eg, €1, ez, and applying properties from §1.1.3 leads to the final simplified

forms:
&1 _ —leM”eu”Zéle e X
oes 00, |legs I llers | leas]l  lleocll llersll
_ —legidy, e
 lleocll lleasll  lleoLll
ey,
 leovll ezl
3l _ —leu||e0L||2éL _ €pL X
oes10e1,  |legu I llers |l lea]l  lleovll llessl]
_-lendy, égx
“lewc i llezcll  Nlesl
_ —leyie]
~lewcl llea |l

The remaining three blocks are slightly more involved. First, for the two diagonal blocks,

azl d (l (e1 X (e1 X eo)) e Xey )

oe5  deg lleo X e lleo X ei]]

(e; X (e1 X ep)) (ﬂ +1 9 (;))T

lleo x eq]|* 9o \[leg x eI

Lo

lleo X e1]|* 9eo

+ (e X ez)i (l;)

(e1 X (e1 X €)'

dep \ [leg X eq]]
Hoey  2l(er X (e1 X eo)))T
||eo><€1||2 ||eo><el||4

= (e; X (e1 X e9)) (

T 2
ere; — |leg]|°I
lleo X e4]|? (ere; )

e; X (e; X eo))T
lleo X es]l?
) (l(eox(eoxel)) e; X ey )

9 lleo x e lleo X el

+ (e Xez)(

aZ
ae?

o~

—o

(17)

(18)

(19)

(20)

(21)

(22)

(23)

(24)

(25)

(26)
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= (e X (&g X €1)) (& +1 0 (%))

leo X erll*  9e1 \[leg X eq|?
1 )
——— —(eg X (eg X e1))
lleo X eq || de1

+ (ey X €p) 9 ( ! )T
CXe€)— |\ —
der \|leg X eq]]

1/ ge, 2l(eg X (eg X €1)) )T
||eo><el||2 ||e0><e1||4

= (eo X (eg X 1)) (

T 2
——— (eoeq — lleo]I’T
||eo><e1||2( ’ )

+(e2 Xe())(

€eg X (e() X el))
lleo x €]

Applying §1.1.3 leads to the compact expressions from the main paper:

-
azl —e ”e ||2 ( Zle(]J_ ”elJ_”2 )
—~ 5 —CoL 1L - 4. .4
deg, lleorll* llerull*
l (eueL - ||eu||2 I)
lleoll® ler.l?
T
n €01 ||‘31i||2
— |ler|l l&oL T30 3
lleor|I” llerll
! A AT A AT
= "ol (I-ée], —&.&)
0L
ol 21 2\ T
— ey, |leo “2 ( e lleoLll )
=€ L I Y
oel | leorl* llerol*

l (COLC(L_ - ||f30J_||2 I)

lleoslI” llerII”

2 T
. ers lleoLll
S P o RLE L
lleor|I” llerll

-1 o o

T (I-&1&, — €L e],)
llews|l
The final mixed term is as follows:
*l 9 (lelx(elxeo) e X ey )
oejoey  ode; lleo x e1]? lleo X el

A/ ge 9 1 T
e[ (1)
lleo X el de; \|leg X eq|

I 0
ma—el(el x (e1 X e))

E 1 T 1 9
+(e; X e3)— ( ) + —(e; X e3)
dep \|leg X eq]] lleo X e1]| deq
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T
— (e X (e X e )) ( 3l/ae1 Zl(eO X (eO X el)) (35)
- 1 1 0
lleo X €| lleo x eq]|*
l
m ((3160T + (e() . el)I — 2606;)
0 1
T

+(e Xe)(e())((e()xe])) €y X

1 2 -

lleo % e lleo X el

Once again, applying §1.1.3 truncates the expression, resulting in the zero blocks reported in the
main paper.

T

o’ 2lei. ||‘30J_||2
————— = €oL ||eu||2 (ﬁ (36)
de10€o. lleorll” leroll

—(eu_e(-)rl - ZCOJ_eL)

lleoll® ler.I?

2 T
A el |leoyll ey X
~lerll oo, | g0l )~
lleoL|l” leqo |l lleov|l llesLll

I(é1,8] —ép 67 ) —ey X

_ ( 11€9 0L 1J_) 21 :03X3 (37)

lleovll llexoll

With these blocks and the knowledge that Hessians must be symmetric, Hy is fully determined.

2 EIGENANLYSIS DETAILS

To derive eigenpairs of Hj, note four observations:

05 -l 03 05 -l 03

Hj| 05 |= —— (e Hjlex | = —— (e (38)
e llezo |l 0 03 llewo |l el
05 ] [e e 1 [exn

H;| 0; |= 3 03 H;| 0; |= 3 03 (39)
el lleas |l 03 05 lleoLll ey

Using the first two equations gives rise to a two-dimensional eigenproblem in the subspace

03 03 0 1 a
al 03 |+b|ezs ||la b € Ry with the reduced matrix __IHZ e, |12 acting on (b)

lle 1
e 05 Ve ?
03 e
The second two equations give rise to a separate eigenproblem with{a| 03 [+b]| 03 [|a,b € R
€oL 03

0 1
as the reduced space and m ( leos |12 1) as the matrix.

llez. |I?
Solving the resulting quadratics and expanding back into the full space, we obtain the eigensystem

in the main paper.
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