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Fig. 1. Code My Crown’s [Dove 2023] Headwrap Curls model (top left) with our ruffling (bottom left) and Blender’s scraggle modifiers (top right). Our ruffling
method (𝜌 = 0.05, 𝑁𝑚 = 30) operates in curvature space, while Blender’s noise-based scraggle operates in position space. The resultant texture from ruffling
better resembles the right-hand side of the reference image from Curlsmith [2021] (bottom right).

Due to its highly curved geometry, tightly coiled hair is challenging to model
and edit using standard position-based tools. In this work we propose using
material curvatures and twists to analyze and edit tightly coiled hair styles.
Our method relies on the geometry of super-helices, primitives parametrized
by piecewise constant curvatures and twists, whose helical geometry nat-
urally resembles a coiled hair strand. Using this curvature/twist space, we
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introduce new editing tools that allow us to expand, shrink, “ruffle”, inter-
polate or guide the position of coiled hair in a natural way. We present
analytical expressions for geometry and gradients that allow our method to
run efficiently and without the need for any training data. We successfully
apply our tools to highly coiled simulated hairs, as well as those generated
procedurally.
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1 Introduction
Hair is one of the primary components of human appearance, and
convincingly portraying all of its aspects is an ongoing research
challenge. Part of this is due to hair’s geometric complexity, which
can vary widely based on the hair’s inherent curvature (curly, coily,
straight), as well as how the hair is styled.
While a variety of geometric editing [Kim and Neumann 2002;

Yuksel et al. 2009], parameterization [Chang et al. 2025], and genera-
tion [Stuyck et al. 2025; Zhou et al. 2023] tools have been developed
for hair, there is still a relative dearth of techniques aimed at highly
coiled hair [Wu et al. 2024]. In this paper, we aim to fill the gap of
editing this type of hair. For hair composed of tight helices with
small radii, the frequency characteristics are sufficiently distinct
from smooth hair that different representations and operations be-
come more effective.

In particular, we propose the super-helix as an effective modeling
primitive, due to its first-class treatment of curvature and twist.
The super-helix has been extensively investigated as a simulation
primitive [Bertails 2009; Bertails et al. 2006], especially in cases
of physically-based hairstyling [Bertails et al. 2005], hair inverse
design in static [Derouet-Jourdan et al. 2013b] and dynamic [Hu et al.
2017a] settings, and dynamic simulation with nonsmooth frictional
contact [Bertails-Descoubes et al. 2011; Crespel et al. 2024; Daviet
et al. 2011].
However, it has heretofore not been treated as an editing primi-

tive that a user would directly manipulate, e.g. for post-simulation
sculpting [Wong et al. 2018] or in response to director draw-overs
[Fleischer et al. 2015]. We show that leveraging the geometric prop-
erties of super-helices allows one to achieve a variety of analysis
and editing operations on highly coiled hair that are not possible
using established tools like cage-based deformations [Jacobson et al.
2011; Joshi et al. 2007] or noise-based “scraggle” [Butts et al. 2018;
Narayan 2023]. The editing tools we present are input-agnostic, and
can be applied to existing hair grooms that were generated either
procedurally or through simulation, and also to data that originated
as poly-lines using existing conversion tools [Derouet-Jourdan et al.
2013a]. Our contributions are:

• A method of analyzing and identifying features on curves
and strands based on the material curvatures and twists of
fitted super-helices.

• A new “ruffle” operator that enables a variety of new looks in
existing grooms, while still respecting the underlying charac-
teristics of the original.

• A shape optimization method that allows for the direct ma-
nipulation of super-helices while preserving length and re-
specting curvature.

• An efficient analytic gradient strategy that is over an order
of magnitude faster than automatic differentiation.

2 Related Works
Computer graphics research on the modeling and simulation of hair
spans over 30 years [Anjyo et al. 1992]. Various modeling opera-
tions have been proposed, including fluid-based control [Hadap and
Magnenat-Thalmann 2000], multi-resolution [Kim and Neumann
2002] and cage-based methods [Yuksel et al. 2009]. However, these

methods were predominantly designed for straight or wavy hair,
and are less effective on highly coiled hair.
Different methods are needed for different frequency regimes.

This is apparent in card-based hair rendering [Tojo et al. 2025; Zheng
et al. 2025], where performance degrades on highly coiled examples,
as well as some hair capture algorithms [Chai et al. 2015; Saito et al.
2018] which list highly coiled hair as failure cases.

Many production systems have also been built for the modeling
and editing of hair, such as Pixar’s [Butts et al. 2018] real-time
interpolation scheme, Sony’s Fyber [Hasenbring and Karlsson 2021],
or DreamWorks’ Wig [Davalath et al. 2021; Somasundaram 2015].
These are again predominantly designed for, and demonstrated on,
straight or wavy hair. Systems from Walt Disney Animation [Kaur
et al. 2018], Animal Logic (now Netflix Animation) [Narayan 2023]
and ILM’s HairCraft [Bowline et al. 2016] all use volumes as an
embedding primitive. We show here that background embeddings,
such as free form deformation [Sederberg and Parry 1986], Kelvinlets
[De Goes and James 2017; de Goes and James 2019], or cage based
deformations [Jacobson et al. 2011; Joshi et al. 2007; Lipman et al.
2008] are unsuited for highly coiled hair operations (Fig. 14).

While some simulation methods are geared specifically towards
curly hair [Iben et al. 2013; Shi et al. 2023], the number of techniques
for modeling highly coiled hair is relatively small [Ogunseitan 2022;
Patrick et al. 2004]. Using the statics of super-helices, Bertails et al.
[2005] introduced a physically-based method to generate curly and
“fuzzy" hairstyles along with cutting, wetting and drying tools, but
no means to directly manipulate the hair geometry. Wu et al. [2024]
proposed a procedural method specifically for creating highly curly
hair with controlled geometric properties, but also does not provide
intuitive tools for editing the results. Other techniques for removing
“sag” [Hsu et al. 2023; Takahashi and Batty 2025] provide methods
for initializing hair simulation rather than editing.

Methods for sculpting [Montell et al. 2022], stylizing [Coban et al.
2025], interpolating [Hsu et al. 2024], or adding noise (“scraggle”)
[Butts et al. 2018; Haapaoja and Genzwürker 2019; Narayan 2023] to
straight or wavy hair have been explored extensively. We propose
an alternative “ruffle” operator (Figure 1) that is more appropriate
for coiled hair and avoids the blurring effects generated by existing
frizzing operators.

Overall, working with super-helices allows us to build geometric
tools that operate in curvature space rather than in the position space.
In the case of tightly coiled hair, this offers more natural results.
Our proposed grooming tool performs an optimization over the

material curvatures and twists of super-helices. Hence, like other
methods for differentiable simulation [Du et al. 2021; Stuyck and
Chen 2023], it requires the efficient computation of gradients. We
propose an exact, analytical computation of gradients based on a
recursive algorithm.

3 Geometry of a super-helix
Previously, helical elements have effectively been utilized as nonlin-
ear constitutive elements in thin elastic rod simulation due to their
natural incorporation of curvature and twist, leading to analytical
kinematic terms, a linear expression of bending and twisting forces,
and intrinsic inextensibility of the rod [Bertails et al. 2006]. For the
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modeling and manipulation of highly-coiled strands, super-helix
geometric properties also give rise to several novel operations and
avenues for analysis.

3.1 Material rods and super-helices
An unshearable material rod is kinematically described by an ar-
clength parameterized curve r(𝑠), along with an orthonormal mate-
rial frame F(𝑠) = [t(𝑠) u(𝑠) v(𝑠)]. These describe how the material
composing the rod evolves around the centerline, through rotation
around the tangent t – with rotation rate 𝜅0 (𝑠) – and around each of
the two axes u and v of the rod cross-section – with rotation rates
𝜅1 (𝑠) and 𝜅2 (𝑠). The rotation rates (or so-called material strains) 𝜅0,
𝜅1, and 𝜅2 are respectively called the material twist and the two ma-
terial curvatures of the rod. In the following, we concatenate them
in the vector q(𝑠), called the local curvature vector. The evolution
of the material frame F as a function of arclength 𝑠 can be written
according to the so-called Darboux equations,

t′ (𝑠) = 𝛀 × t(𝑠) u′ (𝑠) = 𝛀 × u(𝑠) v′ (𝑠) = 𝛀 × v(𝑠), (1)
where 𝛀(𝑠) = 𝜅0 (𝑠)t(𝑠) + 𝜅1 (𝑠)u(𝑠) + 𝜅2 (𝑠)v(𝑠) is known as the
Darboux vector, and represents the instantaneous rotation vector
of the material frame. Note that 𝛀(𝑠) = F(𝑠)q(𝑠), meaning that 𝛀
stands for the global curvature vector, i.e. the local curvature vector
q(𝑠) expressed in the world frame. For more detailed readings on
principal curvatures and the Darboux equation, we refer the reader
to Audoly and Pomeau [2010] and Banchoff and Lovett [2022].
In addition to the Darboux equation, if the rod is considered

inextensible, its centerline is coupled to thematerial frame F through
r′ (𝑠) = t(𝑠), meaning that the tangent vector r′ (𝑠) should be unitary.

A super-helix [Bertails et al. 2006] is a special kind of material rod,
defined by a local curvature vector q(𝑠) which is piecewise constant.
It can be shown that each piece, or element, with a constant local
curvature vector q = (𝜅0, 𝜅1, 𝜅2), has also a constant Darboux vector
𝛀, and that the shape r(𝑠) of the element exactly takes that of a
circular helix with main axis 𝛀. In the remainder of this article we
assume that 𝜅 =

√︃
𝜅21 + 𝜅22 ≠ 0, i.e. that the helix is not degenerate.

In such a case, the material twist 𝜅0 corresponds to the (constant)
Frenet torsion 𝜏 of a circular helix [Bertails-Descoubes et al. 2018],
and 𝜅 to the geometric (or Frenet) curvature of the helix. As a result,
the helix shape is characterized by a radius 𝑅 = 𝜅

∥𝛀∥2 and by a step
Δ = 2𝜋 𝜏

∥𝛀∥2 (see Sec. 4.1 or [Bertails 2006, Appendix D]).

3.2 Geometry of a single element
Starting from an initial material frame F𝑏 = [t𝑏 u𝑏 v𝑏 ] and a given
(constant) Darboux vector 𝛀, the Darboux equations (1) can be
integrated analytically [Derouet-Jourdan et al. 2013a, Appendix A],

t(𝛀, t𝑏 , 𝑠) =
(
t𝑏 · 𝛀

∥𝛀∥

)
𝛀

∥𝛀∥ (2)

+ cos(∥𝛀∥ 𝑠)
(
t𝑏 −

(
t𝑏 · 𝛀

∥𝛀∥

)
𝛀

∥𝛀∥

)
+ sin(∥𝛀∥ 𝑠)

(
𝛀

∥𝛀∥ × t𝑏

)
.

Similar expressions follow for u and v by replacing t and t𝑏 with
their corresponding vectors.

The geometry of a single element r(𝛀, p𝑏 , t𝑏 , 𝑠) can be thought
of as the trajectory traced out by a particle starting at p𝑏 follow-
ing t(𝛀, t𝑏 , 𝑠) as a tangent vector. Integrating t along 𝑠 from 0
to 𝑙 , we obtain the general equation for a single helical element
of length 𝑙 [Derouet-Jourdan et al. 2013a, Appendix A],

r(𝛀, p𝑏 , t𝑏 , 𝑠) = p𝑏 + 𝜏
𝛀

∥𝛀∥2
𝑠 (3)

+ sin(∥𝛀∥ 𝑠)
∥𝛀∥

(
t𝑏 − 𝜏

𝛀

∥𝛀∥2

)
+ 1 − cos(∥𝛀∥ 𝑠)

∥𝛀∥

(
𝛀

∥𝛀∥ × t𝑏

)
,

where the constant Frenet torsion 𝜏 = 𝛀 · t𝑏 (Fig. 2).

3.3 Full chains of elements
Multiple elements with different Darboux vectors can smoothly
connect at their endpoints to form a 𝐶1 piecewise helical curve 1 ,
which we will refer to as a super-helix S. The geometry of a super-
helix is thus fully determined by fixing an initial point p0, an initial
tangent t0, and a sequence of Darboux vectors 𝛀𝑖 and lengths 𝑙𝑖 ,

S(𝑠) = r

(
𝛀𝑖 , p𝑖 , t𝑖 , 𝑠 −

𝑖−1∑︁
𝑛=0

𝑙𝑛

)
, 0 ≤ 𝑠 −

𝑖−1∑︁
𝑛=0

𝑙𝑛 ≤ 𝑙𝑖 , (4)

where p𝑖 ≡ r𝑖 (0) and t𝑖 ≡ t𝑖 (0), the initial points and tangents of
each element 𝑖 , are defined recursively using continuity conditions
at the junction between two elements,

p𝑖 = r (𝛀𝑖−1, p𝑖−1, t𝑖−1, 𝑙𝑖−1) (5)
t𝑖 = t𝑖−1 (𝑙𝑖−1). (6)

Additionally, having a full initial frame F0 = [t0 u0 v0] and ensuring
the continuity2 of the two cross-section vectors,

u𝑖 = u𝑖−1 (𝑙𝑖−1) (7)
v𝑖 = v𝑖−1 (𝑙𝑖−1), (8)

finally defines the entire material frame F(𝑠) recursively over the
full super-helix chain.

3.4 Super-helix state
Each helical element has a total of four degrees of freedom: three
from its Darboux vector and one from its prescribed length. With
the addition of a root point and frame, a framed super-helix consist-
ing of 𝑁 elements therefore has 4𝑁 + 6 degrees of freedom. Any
modifications of a super-helix’s initial frame or position respectively
results in a global rotation/reflection or translation, while modifying
element lengths can result in highly nonlinear deflection.

We choose to consider as our main state variable the full local cur-
vature vector q ∈ R3𝑁 , stacking all the local curvatures q𝑖 = F⊤𝑖 𝛀𝑖

for the entire super-helix. Indeed, these local curvature coordinates
are invariant under rotations applied to the strand, making them
1The continuity of the tangent vector t(𝑠 ) guarantees𝐶1 continuity of r(𝑠 ) , however
note that there is possibly a curvature jump at each junction between two elements.
2This is the main difference between the material frame F of a super-helix and the
Frenet frame F𝑓 of a piecewise helical curve. While the former is continuous, the latter
possibly has jumps of its normal and binormal at each junction. Actually, F evolves
similarly to F𝑓 (same 𝛀), albeit up to a constant rotation about the tangent.
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Fig. 2. A set of four helical elements with Darboux vectors 𝛀𝑖 visualized as
axes of rotation. t, u, and v are frame directions for F. The entire strand is
parameterized by arclength 𝑠 .

Fig. 3. Ruffling a single wisp. From left to right: 𝜌 = 0, 0.05, 0.1, 0.25. Each
strand has 90 elements, and the matching cutoff is 𝑁𝑚 = 30.

attractive as an underlying set of parameters for interpolation and
analysis (Fig. 9).

3.5 Polylines to super-helices
Derouet-Jourdan et al. [2013a]’s work allows for the efficient conver-
sion of a polyline to a piecewise helical curve (transitioning through
a spline representation 𝜶 (𝑠)) with guarantees for accuracy as the
number of elements 𝑁 increases. Matching terms from their formu-
lation allows us to extract Darboux vectors 𝛀𝑖 and lengths 𝑙𝑖 . To
build an initial frame, we start from the𝐶1 parameterized curve𝜶 (𝑠)
and use the tangent 𝜶 ′ (0) and an arbitrary vector k non-parallel to
the tangent, 𝜶 ′ (0) k × 𝜶 (0) 𝜶 ′ (0) × (k × 𝜶 ′ (0))

 . (9)

Normalizing the columns then yields our initial frame F0. Transport-
ing that frame according to the Darboux equations (1) then allows
for the construction of the full frame F(𝑠) and q.

4 Strand Feature Analysis
Given curves parameterized as super-helices, analysis of their state
vectors gives useful information that corresponds to qualitative
features in the strand itself. Furthermore, since each element in
the chain fits to a specific portion of the entire strand, this allows

for a clean mapping between frequency-based features and spe-
cific locations along the strand while also allowing for quick shape
exploration.

4.1 Helical offsets
Up to a rotation and translation, a circular helix can be expressed
parametrically as

h(𝑡) = (𝑡, 𝑅 sin(𝜔𝑡), 𝑅 cos(𝜔𝑡)) . (10)

Applying equation (10) as an offset to some central curve has been
common practice for the generation of curly hair in procedural
systems [Chang et al. 2025; Ogunseitan 2022], with controls over 𝑅
and 𝜔 for curl radius and spatial frequency, respectively.

With arclength reparameterization, we obtain h(𝑠) as(
𝑠

√
1 + 𝜔2𝑅2

, 𝑅 sin
(

𝜔𝑠
√
1 + 𝜔2𝑅2

)
, 𝑅 cos

(
𝜔𝑠

√
1 + 𝜔2𝑅2

))
. (11)

Matching terms between h(𝑠) and equation (3), we derive effective
radii and spatial frequencies for helical elements based on their
Darboux vectors,

𝑅 =

√︁
∥𝛀∥2 − 𝜏2

∥𝛀∥2
=

𝜅

∥𝛀∥2
𝜔 =

∥𝛀∥2

𝜏
. (12)

Taking these values for each element in a super-helix yields a
sequence of local radii and spatial frequencies. These are useful for
the identification of regions of particular frequency, radii, or events
where helical handedness flips, though sampling rates can introduce
secondary beat effects (Fig. 4a).

4.2 Centerline alignment
Omitting the oscillatory parts of equation 3, the central axis of a
single super-helix is as follows,

rC (𝛀, p𝑏 , t𝑏 , 𝑠) = p𝑏 + 𝜏
𝛀

∥𝛀∥2
𝑠 + 𝛀 × t𝑏

∥𝛀∥2
. (13)

For super-helices, the sequence of axes is not guaranteed to be
continuous, as each axis is parallel to the Darboux vector of its
corresponding element.

However, in the case of a sequence of elements fitted to a perfect
helix, the sequence of line segments equation (13) produces matches
an intuitive notion of the helix’s centerline. Towards generalizing
this notion, we utilize the method of Wu et al. [2024] for obtaining
a centercurve c(𝑠) of S(𝑠) using Fourier analysis and consider the
quantity,

𝛽 (𝑠) = c′ (𝑠) · 𝛀(𝑠)
∥𝛀(𝑠)∥ , (14)

where 𝛀(𝑠) is the Darboux vector of the super-helix S at 𝑠 .
For regions of S with larger 𝜔 values, the sign of 𝛽 coincides

with the strand winding clockwise/counterclockwise. Furthermore,
|𝛽 | is an indicator for whether the strand is winding around the
centercurve in a helical or planar wavy manner, in which case
|𝛽 | would be closer to one or zero, respectively. Since 𝛽 is also
bounded in [−1, 1], it can serve as a smoother probe into helical
handedness without the confounding factor of magnitude noisiness
that tracking 𝜔 can introduce (Fig. 4b).
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(a) Plotting 𝜔 . Note that handedness flips at the switchback. elements with
positive𝜔 are colored red, while elements with negative𝜔 are colored blue.
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(b) Plotting 𝛽 . Elements with |𝛽 | > 0.85 are colored pink, while elements
that aren’t are colored yellow, isolating the switchback.

Fig. 4. Plotting 𝜔 and 𝛽 on a switchback strand. 𝜔 tracks absolute angular
velocity, while 𝛽 more cleanly illustrates the handedness change.

4.3 Constructing novel q vectors
From these analyses, we propose that these state vectors q can
serve as a stylistic signature for super-helices, providing a blueprint
for how they should grow from root to tip. Careful authoring and
modifications of q then lead to a variety of new strand shapes.

4.3.1 Ruffling modifier. Existing methods for hair randomization
use noise textures to procedurally displace individual strands. These
displacements act uniformly on the underlying spatial frequencies,
skewing the resulting distribution towards uniformity. However,
highly-coiled hair has more structured spatial frequencies in higher
bands than straight hair, requiring more careful treatment.

Given a collection of super-helices, permutations of paired local
curvatures/lengths between strands give rise to novel grooms from
existing data. We call this procedure ruffling.
Since modifying earlier elements in a super-helix contributes

more towards changing the final shape than later elements, it is
useful to let some number of elements 𝑁𝑚 match a single baseline
super-helix before allowing any operations to occur. Additionally,
we fix a single replacement probability 𝜌 for any 𝑖th element past
𝑁𝑚 , selecting a random element uniformly from the set of all 𝑖th
elements in the super-helix group (Fig 3). Additionally, smooth local
curvature interpolation between the two sets of strands serves as
another degree of control after ruffling has been performed.

5 Groom Sculpting
Manipulating large volumes of hair to fit a certain silhouette is
a common goal in groom modeling. Similar to other strain-based

approaches [Fröhlich and Botsch 2011; Schumacher et al. 2012], we
formulate the task as an optimization problem, allowing the super-
helix to smoothly morph points towards user-defined anchors.

5.1 Shape optimization
Given a super-helix S with starting state q0, starting point p0, and
starting frame F0, we specify 𝑀 control points along the strand
S(𝜆𝑘 ), each of which is assigned a corresponding anchor point a𝑘 .

The task is then to minimally modify q so that each control point
reaches its corresponding anchor. Formulated as an optimization
problem, we apply a quadratic penalty for each point/anchor pair,
along with a quadratic penalty for the state vector’s displacement,

q∗ = argmin
q

𝑀−1∑︁
𝑘=0

∥S(𝜆𝑘 ) − a𝑘 ∥2 + 𝑐 ∥q − q0∥2 . (15)

Here, 𝑐 is a tunable parameter, allowing the user to specify how
stiffly the strand should resist changes in local curvature relative to
reaching the anchor points (Fig. 10). Note that individual element
lengths are completely untouched in this process, meaning that all
deformed strands are guaranteed to preserve their lengths.

5.2 Analytic gradients
To perform optimization (15) on a super-helix of 𝑁 elements, differ-
entiation becomes necessary. Using the chain rule,

𝜕

𝜕q
∥S(𝜆𝑘 ) − a𝑘 ∥2 = 2

(
𝜕S
𝜕q

(𝜆𝑘 )
)⊤ (

S(𝜆𝑘 ) − a𝑘
)
. (16)

Themost involved term in this calculation is 𝜕S
𝜕q ∈ R3×3𝑁 , describing

super-helix shape variation with respect to its curvature parameters.
Recalling that q is a stack of individual local curvatures q𝑗 for 𝑗 ∈
[0, 𝑁 − 1], we narrow our focus specifically to blocks 𝜕S

𝜕q𝑗
∈ R3×3.

As seen in equation (4), sampling a super-helix farther down its
length depends on the endpoints and frames sampled from earlier
elements in the chain. Let r𝑖 be the individual element on which
S(𝜆𝑘 ) resides and let 𝑠𝑘 be the length along r𝑖 such that r𝑖 (𝑠𝑘 ) =
S(𝜆𝑘 ). Using the chain rule,

𝜕r𝑖
𝜕q𝑗

=
𝜕

𝜕q𝑗
r(𝛀𝑖 , p𝑖 , t𝑖 , 𝑠𝑘 ) (17)

=
𝜕r𝑖
𝜕𝛀𝑖

𝜕𝛀𝑖

𝜕q𝑗
+ 𝜕r𝑖

𝜕p𝑖
𝜕p𝑖
𝜕q𝑗

+ 𝜕r𝑖
𝜕t𝑖

𝜕t𝑖
𝜕q𝑗

.

The leftmost terms in each product have direct derivatives. How-
ever, 𝛀𝑖 depends on all q𝑗 for 𝑗 ∈ [0, 𝑖], while p𝑖 , t𝑖 , u𝑖 , and v𝑖
depend on all q𝑗 for 𝑗 ∈ [0, 𝑖 − 1].
In the case of 𝑗 > 𝑖 , changing parameters later in the chain will

obviously not affect the shape of r𝑖 , so those Jacobians vanish.
In the case of 𝑗 = 𝑖 , we note that from equations (5)-(8) 𝜕p𝑖

𝜕q𝑖
=

𝜕t𝑖
𝜕q𝑖

= 0 and 𝜕𝛀𝑖

𝜕q𝑖
= F𝑖 , leaving a relatively direct expression,

𝜕r𝑖
𝜕q𝑖

=
𝜕r𝑖
𝜕𝛀𝑖

F𝑖 . (18)
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Letting v̂ = v
∥v∥ , 𝜏𝑖 = t𝑖 · 𝛀̂𝑖 , and [v]× be the skew-symmetric

matrix such that [v]×u = v × u, the gradient 𝜕r𝑖
𝜕𝛀𝑖

reads

𝜕r𝑖
𝜕𝛀𝑖

=
𝛀̂𝑖 t⊤𝑖
∥𝛀𝑖 ∥

𝑠 +
(
I − 2𝛀̂𝑖 𝛀̂

⊤
𝑖

) 𝜏𝑖𝑠

∥𝛀𝑖 ∥
(19)

+
(
t𝑖 − 𝜏𝑖 𝛀̂𝑖

) (
𝑠 cos(∥𝛀𝑖 ∥ 𝑠) −

sin(∥𝛀𝑖 ∥ 𝑠)
∥𝛀𝑖 ∥

)
𝛀̂

⊤
𝑖

∥𝛀𝑖 ∥

− sin(∥𝛀𝑖 ∥ 𝑠)
∥𝛀𝑖 ∥2

(
𝛀̂𝑖 t⊤𝑖 + 𝜏𝑖

(
I − 2𝛀̂𝑖 𝛀̂

⊤
𝑖

))
+ (𝛀̂𝑖 × t𝑖 )

(
𝑠 sin(∥𝛀𝑖 ∥ 𝑠) −

2 − 2 cos(∥𝛀𝑖 ∥ 𝑠)
∥𝛀𝑖 ∥

)
𝛀̂

⊤
𝑖

∥𝛀𝑖 ∥

− 1 − cos(∥𝛀𝑖 ∥ 𝑠)
∥𝛀𝑖 ∥2

[t𝑖 ]× .

In the case of 𝑗 < 𝑖 , we must rely on recursion to the case of
𝑗 = 𝑖 − 𝑛 by repeatedly decrementing 𝑖 . We have 𝜕r𝑖

𝜕p𝑖
= I, while the

𝜕p𝑖
𝜕q𝑗

term reduces to

𝜕p𝑖
𝜕q𝑗

=
𝜕

𝜕q𝑗
r(𝛀𝑖−1, p𝑖−1, t𝑖−1, 𝑙𝑖−1). (20)

For the remaining 𝜕𝛀𝑖

𝜕q𝑗
and 𝜕t𝑖

𝜕q𝑗
terms, we invoke a secondary recur-

sive stack. To motivate this, let us write out 𝜕𝛀𝑖

𝜕q𝑗
:

𝜕𝛀𝑖

𝜕q𝑗
=

𝜕

𝜕q𝑗
©­«
 t𝑖 u𝑖 v𝑖

 q𝑖ª®¬ (21)

=
𝜕t𝑖
𝜕q𝑗

𝜅𝑖,0 +
𝜕u𝑖
𝜕q𝑗

𝜅𝑖,1 +
𝜕v𝑖
𝜕q𝑗

𝜅𝑖,2.

Here, 𝜅𝑖,𝑘 are the components of q𝑖 . Knowledge of 𝜕t𝑖
𝜕q𝑗

is neces-
sary to begin differentiating 𝛀𝑖 . Referring to equations (6)-(8) and
equation (2), we reduce towards 𝑗 = 𝑖 − 𝑛,

𝜕t𝑖
𝜕q𝑗

=
𝜕2r(𝛀𝑖−1, t𝑖−1, 𝑙𝑖−1)

𝜕q𝑗 𝜕𝑠
(22)

with similar expressions for the derivatives of u𝑖 and v𝑖 .
Seeing this as a reduction rule, let us then analyze 𝜕2r(𝛀𝑖 ,t𝑖 ,𝑙𝑖 )

𝜕q𝑗 𝜕𝑠
for

general 𝑖 and 𝑗 and keeping in mind that analysis for the derivatives
of u𝑖 and v𝑖 follow from swapping variables:

𝜕

𝜕q𝑗
𝜕r
𝜕𝑠

(𝛀𝑖 , t𝑖 , 𝑙𝑖 ) =
𝜕2r

𝜕𝛀𝑖 𝜕𝑠

𝜕𝛀𝑖

𝜕q𝑗
+ 𝜕2r

𝜕t𝑖 𝜕𝑠
𝜕t𝑖
𝜕q𝑗

. (23)

In the case of 𝑗 > 𝑖 this Jacobian goes to zero since future param-
eters do not affect past element shapes.
In the case of 𝑗 = 𝑖 , 𝜕t𝑖

𝜕q𝑗
goes to zero while the rest of the terms

can be calculated directly as

𝜕

𝜕q𝑖
𝜕r
𝜕𝑠

(𝛀𝑖 , t𝑖 , 𝑙𝑖 ) =
𝜕2r𝑖
𝜕𝛀𝑖 𝜕𝑠

𝜕𝛀𝑖

𝜕q𝑖
=

𝜕2r𝑖
𝜕𝛀𝑖 𝜕𝑠

F𝑖 . (24)

Differentiating equation (19) with respect to s gives

𝜕2r𝑖
𝜕𝛀𝑖 𝜕𝑠

=
𝛀̂𝑖 t⊤𝑖
∥𝛀𝑖 ∥

+
(
I − 2𝛀̂𝑖 𝛀̂

⊤
𝑖

) 𝜏𝑖

∥𝛀𝑖 ∥
(25)

−
(
t𝑖 − 𝜏𝑖 𝛀̂𝑖

)
(𝑠 sin(∥𝛀𝑖 ∥ 𝑠)) 𝛀̂

⊤
𝑖

− cos(∥𝛀𝑖 ∥ 𝑠)
∥𝛀𝑖 ∥

(
𝛀̂𝑖 t⊤𝑖 + 𝜏𝑖

) (
I − 2𝛀̂𝑖 𝛀̂

⊤
𝑖

)
+ (𝛀̂𝑖 × t𝑖 ) (𝑠 ∥𝛀𝑖 ∥ cos(∥𝛀𝑖 ∥ 𝑠) − sin(∥𝛀𝑖 ∥ 𝑠))

𝛀̂

⊤
𝑖

∥𝛀𝑖 ∥

− sin(∥𝛀𝑖 ∥ 𝑠)
∥𝛀𝑖 ∥

[t𝑖 ]× .

This concludes the case of 𝑗 = 𝑖 .
Finally, in the case of 𝑗 < 𝑖 , equations (25), (21), and (22) can be

used recursively to obtain 𝜕2r𝑖
𝜕𝛀𝑖 𝜕𝑠

, 𝜕𝛀𝑖

𝜕q𝑗
, and 𝜕t𝑖

𝜕q𝑗
, respectively. This

yields the term

𝜕2r𝑖
𝜕t𝑖 𝜕𝑠

= 𝛀̂𝑖 𝛀̂
⊤
𝑖 + cos(∥𝛀𝑖 ∥ 𝑠)

(
I − 𝛀̂𝑖 𝛀̂

⊤
𝑖

)
(26)

+ sin(∥𝛀𝑖 ∥ 𝑠) [𝛀̂𝑖 ]× .

These results then allow us to recursively calculate 𝜕𝛀𝑖

𝜕q𝑗
and 𝜕t𝑖

𝜕q𝑗
. In

conjunction with equation (20), we have everything we need for
equation (17) to evaluate 𝜕r𝑖

𝜕q𝑗
for all cases 0 ≤ 𝑖, 𝑗 ≤ 𝑁 − 1.

5.2.1 Efficient Jacobian building. Evaluating 𝜕r𝑖
𝜕q𝑗

analytically through
equation (17) is achievable through recursion, but recursive calls
quickly inflate evaluation time to unreasonable levels, especially
whenever 𝜕𝛀𝑖

𝜕q𝑗
for 𝑗 < 𝑖 appears and applying equation (21) results

in the creation of three more call stacks. Compounded with the fact
that constructing 𝜕r𝑖

𝜕q requires all 𝜕r𝑖
𝜕q𝑗

for 𝑗 ∈ [0, 𝑁 − 1], an iterative
solution that does not perform excess computation is preferable.
Iteratively building 𝜕2r

𝜕q𝑛𝜕𝑠
(𝛀𝑚, t𝑚, 𝑙𝑚), 𝜕2r

𝜕q𝑛𝜕𝑠
(𝛀𝑚, u𝑚, 𝑙𝑚), and

𝜕2r
𝜕q𝑛𝜕𝑠

(𝛀𝑚, v𝑚, 𝑙𝑚) for 0 ≤ 𝑛 ≤𝑚 ≤ 𝑖 − 1 allows for efficient reuse
of results. Arraying each of these intermediate Jacobian sets in an
(𝑖 − 1) × (𝑖 − 1) table and indexing by (𝑚,𝑛), the diagonal cases
𝑛 =𝑚 come directly from equations (24) and (25), while cases where
𝑛 < 𝑚 can reference previously calculated derivatives in (𝑚 − 1, 𝑛)
to plug into equation (23).
We additionally construct a fourth table 𝜕r

𝜕q𝑛
(𝛀𝑚, p𝑚, t𝑚, 𝑙𝑚) for

0 ≤ 𝑛 ≤𝑚 ≤ 𝑖 − 1 and index by (m, n). We use equation (18) to fill
in the cases where 𝑛 = 𝑚, then use equation (17) along with the
already-filled information in the (𝑚 − 1, 𝑛) entries of all four tables
to calculate cases where 𝑛 < 𝑚 (Alg. 1).
With all four tables filled, we apply equation (17) one last time,

making sure to evaluate at 𝑠𝑘 for the 𝜕r𝑖
𝜕𝛀𝑖

and 𝜕r𝑖
𝜕t𝑖

terms while refer-
encing tables at entry indices (𝑖 −1, 𝑛) for other terms, resulting in a
fully calculated Jacobian 𝜕r𝑖

𝜕q . These tables are also reusable for any
index 𝑎 < 𝑖 , referencing the indices at (𝑎 − 1, 𝑛) instead to calculate
𝜕r𝑎
𝜕q (Alg. 2).
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Algorithm 1 Algorithm for filling intermediate endpoint and frame
derivative tables
Input: Strand state q, p𝑚 , F𝑚 , and 𝑙𝑚 for 0 ≤𝑚 ≤ 𝑖 − 1
Output: Endpoint table 𝜕r

𝜕q𝑛
(𝛀𝑚, p𝑚, t𝑚, 𝑙𝑚) and all frame tables

𝜕2r
𝜕q𝑛𝜕𝑠

(𝛀𝑚, t𝑚, 𝑙𝑚), 𝜕2r
𝜕q𝑛𝜕𝑠

(𝛀𝑚, u𝑚, 𝑙𝑚), and 𝜕2r
𝜕q𝑛𝜕𝑠

(𝛀𝑚, v𝑚, 𝑙𝑚)
for 0 ≤ 𝑛 ≤𝑚 ≤ 𝑖 − 1
for𝑚 = 0 to𝑚 = 𝑖 − 1 do

for 𝑛 = 0 to 𝑛 =𝑚 do
if 𝑛 ==𝑚 then

Use (24) to fill (𝑚,𝑛) on the three frame tables
Use (18) to fill (𝑚,𝑛) on the endpoint table

else
Use (23) and (𝑚 − 1, 𝑛) to fill frame entries (𝑚,𝑛)
Use (17) and (𝑚 − 1, 𝑛) to fill endpoint entry (𝑚,𝑛)

end if
end for

end for

Algorithm 2 Algorithm for finding full derivatives of multiple
control point positions with respect to the full state vector q
Input: Strand state q, p𝑚 , F𝑚 for 0 ≤ 𝑚 ≤ 𝑁 − 1, 𝑙𝑚 for 0 ≤ 𝑚 ≤

𝑁 − 1, 𝑘 control points r𝑖𝑘 (𝑠𝑘 )
Output: All 𝜕r𝑖𝑘

𝜕q (𝛀𝑖 , p𝑖 , t𝑖 , 𝑠𝑘 )
Obtain I =max(𝑖𝑘 )
Calculate size I × I endpoint/frame derivative tables (Alg. 1)
Calculate 𝜕r𝑖𝑘

𝜕q𝑗
for 𝑗 ≤ 𝑖𝑘 using equation (17) and (𝑖𝑘 −1, 𝑗) entries.

5.3 Strand collection control
As individual strands begin numbering in the thousands to hundred-
thousands for full-resolution grooms,manually setting anchor points
a𝑘 for equation (15) becomes tedious.
To make control easier, we group the strands using k-means

clustering [Hu et al. 2017b; Lloyd 1982; Tojo et al. 2025] over stacked
root/endpoint position vectors. We then assign each cluster a set of
sampling lengths 𝜆𝑘 to define control points for each strand, then
set anchor points by applying affine transformations on the group
of control points.
For interactivity, we set the affine transformation by allowing

a user to manipulate a sequence of oriented frames whose initial
positions and rotations are determined by their corresponding con-
trol point cluster centroids and principal directions, visualized as
an armature system with frames at each joint (Fig. 11).

6 Implementation And Results
To perform optimization (15), we used an Adam optimizer [Kingma
and Ba 2017] with initial conditions set to the original strand shape.

6.1 Cage deformation comparison
Optimizing strand geometries towards individual anchor points
allows for the creation ofmore expressivemotionwith fewer degrees
of freedom. To demonstrate this, we analyze the effectiveness of

Table 1. Timing information for groom morphing. Strand counts are specifi-
cally the number of edited strands. Timings are in minutes:seconds, with
stars indicating the timings were taken from the slowest batch of 500 strands
in a distributed run. All optimizations ran on 2.9GHz Intel Xeons.

Figure Strands Elements 𝑐 Cores Timing
Coily (Fig. 11) 100 45 30 1 03:40
Wavy (Fig. 11) 2025 45 10 1 143:34
Cage (Fig. 14) 2024 45 100 1 35:07
Eye cover (Fig. 8) 3292 90 20 8 13:41*
Ponytails (Fig. 5) 18000 45 0.01 8 04:29*
Stretch (Fig. 13) 90314 90 20 8 36:24*

our method compared to cage deformation [Joshi et al. 2007] on the
task of "twisting out" a lock of hair (Fig. 14).

Using cage deformation for the motion already requires a cage at
a relatively high resolution, and multiple control meshes of higher
resolution would be required to replicate sliding effects. On the other
hand, our technique implicitly preserves strand lengths and allows
for large degrees of relative motion between nearby super-helices,
so intermediate geometries are less distorted.

6.2 Groom morphing
Responding to artist drawovers, we performed styling operations on
various high-resolution polyline grooms that would have otherwise
required resimulation or painstaking selection and deformation.

For Code My Crown’s [Dove 2023] Twist Out groom, we pulled a
part of the sweep down to cover the eye (Fig. 8). Additionally, we
stretched an existing long natural groom to achieve a longer look by
moving control points downwards (Fig. 13) and edited a straighter
ponytail example (Fig. 5).

6.3 Ruffling
To showcase the effectiveness of ruffling, we use it to add naturalistic
weathering to Code My Crown’s [Dove 2023] Headwrap Curls groom.
Compared to simply adding procedural frizz through Blender’s
geometry nodes [Blender 2025], our technique splays strands out in
a more naturalistic manner while keeping control over individual
wisp coherence (Fig. 1).

Additionally, using Twist Out’s modifier stack [Dove 2023], we
compare our ruffling against Maya’s XGen grooming system [Au-
todesk 2026]. Their radius and frequency randomization achieves a
different frizzy look compared to our ruffling operator (Fig. 6).

6.4 Feature analysis
Considering 𝜔 , 𝑅, and 𝛽 from equations (12) and (14) allow us to an-
alytically describe key features in highly-coiled hair. In a physically
simulated model obtained after virtually combing a tightly coiled
hair wisp [Crespel et al. 2024], we specifically identify instances
of switchbacks [Wu et al. 2024] by visualizing such values with
coloring and explicit plotting (Fig. 12).

6.5 Performance
Because each super-helix optimization is self-contained,multithread-
ing and batching allows for further increases in speed. In practice,
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Fig. 5. An artist provides direction for bending ponytails as though hair
rollers were being inserted (first/second). Our armature moves the hair into
place (third), allowing the artist to visualize a composite (fourth). Reference
photo from Dano [2024].

Fig. 6. An XGen-generated swatch (left) with native noise modifiers applied
(middle) compared to our ruffling operation (𝜌 = 0.01, 𝑁𝑚 = 30) (right).
Ruffling achieves a distinct look compared to noise, even when starting
from modifier-based procedural geometry.

we ran on either one or eight cores with chunking in groups of
500 strands for larger grooms. Strand counts, per-strand segment
counts, and timing statistics are available in Table 1.

6.5.1 Optimizer details. For every figure, we set the Adam step size
to 0.001, the first moment 𝛽1 to 0.9, the second moment 𝛽2 to 0.999,
and the denominator stabilizer 𝜖 to 10−8. Stepping concluded when
the residual was less than 10−6, when 4000 steps had passed, or
when 50 steps had passed without any improvement in the residual.

Iteration counts varied depending on target location, number of
helical segments, and optimizer parameters. Running single-strand
optimizations, the number of iterations until convergence generally
increases with initial anchor-point distance, decreases with the
number of segments, and decreases as step size increases up to
some stability threshold (Fig. 7). Code for running strand endpoint
optimizations is also available in the supplemental materials.

6.6 Gradient calculations
Derivative calculations for every optimization step was the primary
timing bottleneck in computing equation (15). Compared to Py-
Torch’s automatic differentiation —the fastest alternative we could
find—we observed speedups around 47x, which can be attributed
to our analytic method leveraging repeated values in what would
otherwise be an unwieldy recursive calculation tree, possibly over
the span of several calls when considering multiple control points.

(a) As helical segment count decreases/anchor point distance increases, the
number of iterations to convergence increases.

(b) As Adam step size decreases, the number of required iterations increases.
Several intermediate strand geometries at pre-convergence steps are also
overlayed.

Fig. 7. Single-strand optimization analyses.

7 Conclusions
By constructing general curves in terms of their local curvatures,
super-helices are naturally suited for the representation and manip-
ulation of highly-coiled hair. However, there are several limitations
to these current techniques that are worthy of future work.

7.1 Limitations
The optimization of single super-helix strands of up to 100 elements
is fast enough to be considered interactive, but our techniques lose
interactivity with multistrand grooms. Furthermore, limiting the
state vectors q to only consider local curvatures while ignoring the
length of each individual element narrows the range of curves that
can interpolate between one another. In general, modifying local
curvatures towards particular goals like increasing or decreasing
spatial frequency or radii remains difficult, and preserving the over-
all direction of a curly strand without large deflections is nontrivial.

7.2 Future work
Higher-order methods for optimizing (15) may improve solving time,
and further applications of our analytic super-helix derivatives in
strand geometry processing and simulation also seem promising.
Exploring other interaction modes such as sculpting, cutting, or
combing, might be more well-suited towards the notion of a ‘digital
salon.’ Finally, modifying the penalty energy to incorporate contact
interactions or promote particular strand shapes are also interesting
directions for further investigation.
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Fig. 8. An artist provides direction for moving the hair down to cover the eye (first), we fit an armature over the groom (second), and through moving one
joint, achieve the desired pose (third/fourth).

Fig. 9. Interpolating between two strand shapes using global Darboux coor-
dinates (left), local curvature coordinates (middle), and shape keys (right).
The two endpoints, along with the exact halfway point, are shown at full
transparency. Both the global Darboux interpolation and shape keys distort
the strand, while interpolating over local curvatures gives satisfactory re-
sults. See the video for more detail.

Fig. 10. Optimizing a single strand (pink) to have its endpoint reach the blue
cube. 𝑐 is set at 100, 000 (purple), 10, 000 (red), 1, 000 (orange), 100 (yellow),
10 (green), and 0 (light blue).

Fig. 11. Manipulating a highly-coiled wisp of 100 super-helices using a
single-jointed armature (left), along with a wavier coil of 2025 super-helices
(right). Both wisps were originally generated from physically-based combing
simulation by Crespel et al. [2024]. See the video for more detail.
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Fig. 12. Visualization of 𝜔 (Eqn. 12) and 𝛽 (Eqn. 14) on a simulated strand
example (highly-coiled wisp of Fig. 11, left) provided by Crespel et al. [2024].
On the left, positive 𝜔 transitions over to negative 𝜔 , as colored by red and
blue, respectively. On the right, pink and yellow represent |𝛽 | > 0.5 and
|𝛽 | ≤ 0.5, allowing for easier localization of wavy features. On the bottom,
a line graph of every strand’s 𝛽 as a function of strand length.
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Fig. 13. Fitting an armature over a long natural groom, we follow artist directions to produce a longer groom by stretching the control points outwards and
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